In this paper, we analyze the relationship between generation dispatch solutions produced by the DC optimal power flow (DC OPF) problem and generation solutions produced by the AC optimal power flow (AC OPF) problem. While there has been much previous work in analyzing the approximation error of the DC assumption, the AC feasibility of the DC OPF problem has not been fully explored, although difficulty achieving AC feasibility is known in practice. Here, we consider the set of feasible active power generation values in a standard DC OPF problem and the set of feasible active power generation values in a standard AC OPF problem given a set of network loads. Under some very light assumptions, we show that the intersection of these sets is the empty set; i.e., that no solution to the DC OPF problem will satisfy the AC power flow constraints. This has implications for continuing to use the standard DC approximation in current grid operation as well as in research.
I. INTRODUCTION
The DC optimal power flow (DCOPF) approximation of the AC optimal power flow (ACOPF) problem is widely used in the current power system due to its convexity and computational benefits that allow it to be solved on fast timescales. However, it is well-known that the DC OPF can provide, in some cases, a poor approximation of actual AC power flows and locational marginal prices (LMPs), resulting in physically unrealizable system states. A report from the Federal Energy Regulatory Commission (FERC) states that many grid operators calculate DC OPF setpoints and modify these until they are AC feasible in a "DC OPF with AC Feasibility" iterative procedure [1] .
There has been much previous work in analyzing the approximation error between DC OPF and AC OPF solutions [2] , [3] . Considering DC OPF is often used to calculate market prices, previous works have looked at the difference in LMPs [4] resulting from DC OPF and AC OPF. Outside of analyzing the differences in objective function value and approximation error between DC and AC OPF, it is important to consider the physical feasibility of the DC OPF solution. Namely, under which circumstances does the solution to a DC OPF problem produce a physically realizable solution (i.e., one that satisfies the AC power flow equations)? The difficulty of obtaining an AC feasible solution from DC OPF is well known; to give a few examples, in [5] the authors state "a solution of DC OPF may not be feasible"; in [6] the authors state that the DC OPF solution is "typically AC infeasible"; and in [7] , the authors state "DC OPF can return solutions that are infeasible." From these statements, the fact that grid operators are still using DC OPF, and the plethora of recent papers that still utilize DC OPF to represent AC power flows, it does not seem well known that the DC OPF is not "typically" AC infeasible; in fact, it is always AC infeasible. This fact must be formally shown to illustrate the challenges with using the DC approximation to represent physically realizable solutions.
In this paper, we show that under some light assumptions, the set of active power generation setpoints within the feasible region of the DC OPF problem and the set of active power generation setpoints within the feasible region of the AC OPF problem have an empty intersection. While this has been observed in practice, we demonstrate mathematically why the DC OPF is never AC feasible. Similarly, we also show that the solution to the economic dispatch (ED) problem is also never AC feasible. This has implications for future power system operation, considering many system operators still use DC OPF, and may suggest a move towards more physically representative approximations of the AC OPF problem or towards using line loss models within DC OPF [8] .
II. OPTIMAL DISPATCH AND POWER FLOW
We first briefly summarize three common ways of optimizing generation dispatch in transmission networks. Define coefficients a j , b j , and c j as the operational costs associated with generator j. Let set G be the set of all generators in the network, N be the set of all buses in the network, L be the set of all lines (branches) in the network, Ω i be the set of buses connected to bus i, and G j be the set of generators connected to bus j. Define p l,j (q l,j ) as the total active (reactive) power consumption at bus j, p g,j (q g,j ) is the active (reactive) power output of generator j, and p g,j (q g,j ) and p g,j (q g,j ) are lower and upper limits on active (reactive) power generation, respectively. Let p g be a vector comprising the active power generation p g,j at each generator j ∈ G and p l be a vector comprising the active power consumption at each bus i ∈ N . The complex voltage at bus i has magnitude |v i | and phase angle θ i , and the difference in phase angle between buses i and m is written as θ im . Constant parameters G im and B im are the conductance and susceptance of line im, respectively.
A. Economic Dispatch
The economic dispatch optimization problem neglects modeling power flows and transmission losses throughout the network altogether, simply optimizing for lowest-cost active power dispatch:
In the ED formulation, (1b) ensures that the total generated active power equals the total consumed active power in the network. Constraint (1c) enforces upper and lower limits on active power generation at each generator.
B. AC Optimal Power Flow
The AC Optimal Power Flow (AC OPF) model is typically considered the ground truth for estimating physical power flows throughout the network.
where v is 2n-dimensional vector comprising the unknown voltage magnitudes and angles.
C. DC Optimal Power Flow
The constraints within the DC Optimal Power Flow problem (DC OPF) are linear approximations of the actual nonlinear AC power flows. The DC approximation is derived from multiple physical assumptions and observations. First, in transmission networks, the line resistance R im is typically significantly less than the line reactance X im ; thus, the conductance G im can be approximated to zero and the susceptance B im can be approximated to 1 Xim . Second, the phase angle difference between any two buses is typically small and usually does not exceed 30 • . From this, we can use the small angle approximation to approximate sin(θ im ) ≈ θ im and cos(θ im ) ≈ 1. Third, transmission level voltage magnitudes are typically very close to 1.0 p.u. during normal operation.
Lastly, from these initial assumptions, and confirmed by the fact that reactive power is a localized phenomenon that cannot travel long distances, we see that the magnitude of the reactive power flow on the lines (denote this as Q im for line im) is significantly less than the magnitude of the active power flow on the lines (denote this as P im for line im). Using these assumptions when studying the AC power flow equations, equations (2b) and (2c) simplify and we are left with the DC OPF problem min pg j∈G
where F im represents the limit on the magnitude of the line flows on line im. Note that physically, transmission line flows are limited by the amount of current that can safely flow through the line. We can write the current flow limit on line im, |I im |, in terms of the complex power S im , real power P im , and reactive power Q im flowing from bus i to bus m and the complex voltage at bus i:
and by using the DC approximations stated above, namely that P im >> Q im and |v i | = 1.0 p.u., we can write the current flow limit in terms of power
which justifies (3c). More information on the derivation of the DC approximation, including a full explanation of assumptions, can be found in [8] .
III. AC FEASIBILITY
Towards determining the AC feasibility of the economic dispatch and DC OPF problems, define the set of feasible active power generation vectors p g for a given set of loads p l satisfying (1) as Y ED ∈ R |G| , the set of feasible p g satisfying (3) as Y DC ∈ R |G| , and the set of feasible p g satisfying (2) as Y AC ∈ R |G| .
Definition AC feasibility. A vector of active power generation values p g is called AC feasible if p g ∈ Y AC .
Next, we state two assumptions that are typically assumed when solving AC OPF problems. Assumption 1. Assume that the loads in the network are modeled as constant (P, Q) loads [9] . Assumption 2. Assume that power is flowing on at least one line in the network; i.e., for all p g ∈ Y AC , j∈G p g,j > N i=1 p l,i due to line losses. Lemma 1. Solutions to (1) are never AC feasible.
Proof. Define p i := |v i | m∈Ωi |v m |(G im cos(θ im ) + B im sin(θ im )). Then, notice that i∈N p i = i∈N p l,i − j∈G p g,j . If a solution satisfies the constraints in (1), we have j∈G p g,j = i∈N p l,i . Thus, i∈N p i = 0. However, from Assumption 2, we must have j∈G p g,j > i∈N p l,i . Thus i∈N p i = 0, meaning we have a contradiction and there exists no p g that is an element of both Y ED and Y AC ; thus Y ED ∩ Y AC = ∅. 
Since B im = B mi and θ im = −θ mi , we are left with i∈N p l,i − j∈G p g,j = 0.
By Lemma 1, we thus have Y DC ∩ Y AC = ∅.
A. Notes
Consider relaxing the constraint i∈N p l,i = j∈G p g,j to i∈N p l,i ≤ j∈G p g,j in (1). Due to the nonnegativity of the generator parameters a i and b i and p g and thus the convexity of the objective function, the optimal solution to the ED problem will be reached at i∈N p * l,i = j∈G p * g,j ; i.e., where the power balance constraint is binding. We now have the result Y ED ∩ Y AC = ∅; however, we also have the optimal solution p * g / ∈ Y AC , so in practice, the obtained optimal solution to (1) will not satisfy (2) . This indicates that even if there exists a non-empty intersection between feasible sets, the obtained solution may not satisfy (2) . Figure 1 shows 5000 feasible runs of both DC and AC OPF for varying levels of random system loading in the IEEE 14-bus system. The red line in the figure shows the total system generation resulting from DC OPF, and the black dots show the total generation resulting from AC OPF. Multiple AC OPF solutions can correspond to one value of total system loading due to the inclusion of losses and distribution of the loading. Notice that the AC OPF always produces overall generation values higher than the lossless DC OPF. However, this gap becomes smaller as system loading becomes smaller and relative transmission losses decrease, and larger as system loading increases.
B. Implications and Suggestions
Approximate or inaccurate solutions to the AC OPF can cost grid operators up to tens of billions of dollars per year [10] . Optimality aside, the lack of sastifaction of physical grid constraints that exists with DC OPF suggests that the DC approximation is not a suitable substitute. Many other approximations of the AC power flows (too many to list here) have been developed in the literature which preserve feasibility of AC power flows while maintaining a low computational burden. In addition, the extra procedures grid operators perform to modify the DC OPF solution to pursue AC feasibility may add extra unnecessary steps towards finding feasible generation dispatch settings. We suggest the consideration of a DC approximation with losses (e.g. as in [8] ) or a move towards other linear or convex approximations of (2b) and (2c) (e.g. as in [7] ). However, it is important to note that these approximations may also result in AC infeasibilities [11] . Fig. 1 . Total generation active power output from DC OPF (red line) and AC OPF (black dots) for varying levels of total system loading. Due to tranmission losses, AC OPF always produces a solution where j∈G p g,j > i∈N p l,i whereas DC OPF always produces a solution where j∈G p g,j = i∈N p l,i . This difference is the root of the cause for DC OPF solutions never being AC feasible.
IV. CONCLUDING STATEMENTS
In this note, we demonstrated how a solution to DC OPF and ED, under light assumptions, will not satisfy the AC power flow equations. While this has been observed in practice, and the employment of iterative "AC feasibility" techniques are currently being used by system operators to modify the original DC OPF problem, it had not been shown that a solution satisfying both the the standard DC and AC OPF does not exist. This indicates that the standard DC OPF may not be a representative model for grid operators to continue using. Inclusion of renewable energy, energy storage, controllable loads, etc. could also potentially change these results.
